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We prove tha t  the  size of the  largest  face of a 4-critical p lanar  graph  with cS > el is at mos t  
one half  the  number  of its vertices. Let f ( n )  denote  the  max imunr  of the  sizes of largest  faces of 
all such g raphs  with n vertices (n sufficiently large). We present  all infinite family of g raphs  lha t  

shows lira .f(n) 1 
tz ~,~c rt 9, 

A graph G is said to be k-critical if it has chromatic nmnber k, but every proper 
subgraph of G has a ( k -  1)-coloring. In 1985, G. Koester [5] gave an example of 
a 4-critical 4-regular planar graph. It is the graph shown in Figure 1. This graph 
provided a counterexample to the old conjecture of Gallai [3] that every 4-critical 
planar graph has a vertex of degree 3. Koester's discovery sparked interest in the 
class 3} of 4-critical planar graphs with minimal degree 6 >_ 4. It is now known that, 
there exist arbitrarily large 4-critical 4-regular planar graphs and that  there exist 
graphs of order rt in N for all sufficiently large '~. See [2], [6], and [7]. It has also 
been shown by Koester [7] that every graph in N has a vertex of degree 4. For ~ 
different proof of this result see [1]. 

The aim of this paper is to investigate certain questions concerning the size 
of the largest face of graphs in N. The odd wheel shows that  there exist 4-critical 
planar graphs whose largest face contains all but one of the vertices. For G C N, 
however, the situation changes. Our main result is the following. 

1 V Theorem 1. Let  G = (V, E ) E  ~. Then no face o f  G has more than 7 ! '  [ vertices. 

We shall also prove that Theorem 1 is, in a sense, best possible. 

Theorem 2. There exist  absolute constants  cl and c2 such that  for all '~ >_ Cl there 

exis ts  a graph G in ~ o f  order n whose largest face has size at least l r~-  c2. 

In the proof of Theorem 1 we shall need the following simple lemma. 

* All three  au tho r s  grateful ly acknowledge tile suppor t  of the  Nat ional  Science and  Engineer ing  

Research Council  of  Canada .  

M a t h e m a t i c s  Subject  Classification (1991): P r i ma ry  05C15, Secondary  05C35 

0209-9683/95/$6.00 @1995 Akad6miai Kiad6. Budapest 



45(i II. b. ABBOTT. D. R. HARE, B. ZHOU 

Fig. 1. Koester ' s  g raph  

Lemma 3. For n >_ 3, the graph H,, showzl in Figure 2 is not a proper  subgraph of 
al~5" 4-critical graph. 

Yl Y2 

x l ~  x x 2 x3 

Yrrl - -  ] 

Fig. 2. The graph  Hn 

Proof.  Suppose Hn is a proper subgraph of a 4-critical graph G for some n > 3. 
Then n 7~ 1 mod 3 since, as it is easy to check, Hn is itself 4-critical if n = 1 rood 3. 
In any 3-coloring of G -  {x lzn} ,  xl  and xn are assigned the same color. 

Such a 3-coloring induces a 3-coloring of I t r~-{z lxn} .  However, it is straight- 
forward to verify tha t  in any 3-coloring of H n - { x l x n } ,  x l  and xn must  be assigned 
different colors when n - 0 ,  2 mod 3. | 

P r o o f  of  Theorem 1. Consider a plane drawing of G in which the infinite face is a 
largest face. We denote the infinite face and its set of vertices by F .  There  should 
be no danger of confusion. Let S = V \ F .  For each v E V and X G V, let dx  (v) 
denote the number  of edges from v to X.  

Suppose tha t  ds(v) _< 1 for some vertex v of F .  Then, since 6 = 4, there is a 
vertex u of F such tha t  uv C E, but  uv is not  an edge of F .  There  are then two proper  
subgraphs G1 and G2 of G such tha t  V(G1)NV(G2)= {u, v}, E(G1)NE(G2)---= {Uv} 
and G1 t2 G2 = G. There is a 3-coloring of G1 in which u is colored red and v is 
colored blue and a 3-coloring of G2 with the same property. This yields a 3-coloring 
of G. If follows tha t  ds(v)  > 2  for all vertices v of F .  
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If for all vert ices v of S we have dF(v ) < 2 then 

21FI _< ~ (Is(v)= ~ @(v)<_ 21S [ 
v E F v E ,S' 

SO tha t  [F  I < ISl and the theorem holds. \,Ve may  therefore suppose  t ha t  dF( t ,  ) ~ 2 
does not  hold for all v E o% 

Let w E S be a fixed ver tex  sat isfying dF(w) = m  _> 3 and let the neighbors  of w 
on F be uq, zc,2, . . . ,  w , , ,  l isted in some counterclockwise order  ( the choice of which 
ver tex  to label  wl is a rb i t r a ry ) .  

Cons ider  any z C S,  z 5Z w, such tha t  dF(a: ) = h > 2. The  neighl)ors of :r: o~l 
F lie between wi and u.'i+t [br some i C {1 ,2 , . . . , 'm}  (here 'u'.,n+l = u:~ ). Label  the 
neighbors  of a: on F Zl ,  :c2, . . . ,  :fly in the  counterclockwise order  tha t  has :~:1 as the 
first ver tex  encountered  after w i when t ravers ing along F in lhe  counterclockwise 
direct ion.  I t  n lay happen  tha t  zi  = w i  or :ra: = w i +  1. 

Let. G z denote  the  subgraph  of G induced by the set of' vert ices in 1he inter ior  
of or on the  b o u n d a r y  of the region whose b o u n d a r y  consists of the  edges :raci and  
.czk and the pa r t  of the  b o u n d a r y  of F jo ining :el to a:~: in the  count.erclockwise 
sense. Let  [a:c=(V(aX)A[g')\{:cl,;r.h} and let S:c=v(aa:)\(]Pa:U{.l:,:l:l,a't,:}). ,gee 
Figure  3. 

Fig. 3. Tile subgraph G a: 

F 

We define the  depth of z as follows: depth(z)  = 0 if' there  is FrO ver lex z of S:': 
such t ha t  d F ( z )  >_ 2 and for 1 > O, depth,(,r) = l + 1 where l = max{depth(z)  : z < 
Sa:,dF(z) > 2}. Note tha t  if d F ( z ' ) < 2 ,  then depth(:r)  is left undefined.  

Define 

0 if ds~ ( z , )  = 0 and ds ,  (:rt.) = 0, 

ga: = 1 if ds '~ (z l )  >_ 1 or d s':~(:ca: ) > 1, bu t  not  bo th ,  

2 ifds~(:~,~) > 1 and ds,~(:,-~) >_ 1. 

The bulk of the  r ema inde r  of the  a rgument  involves es tabl ish ing 

(1) [Fa'[ = tS:~I implies F x = (~ = $:r 
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and 

(2) I f x l  ~ I SXl - g~' - 1 whenevei '  S ~ r ~, 

We prove (1) and (2)by induction on depth(x). Let depth(z)=0. By definition, 
dF(z) <1 for all zCS  z. For i=1 ,  2, . . . ,  ~:-1, let S[  be the set of those vertices of 
S:': lying in the interior of the region whose boundary consists of the edges xxi and 
xzi+ 1 and the part of the boundary of F joining xi to xi+ 1 in the counterclockwise 
sense. Let Fi x consist of those vertices of F x between zi and Zi§ not including 
xi and Xi+l. See Figure 4. 

x 

+1 

Fig. ~. The sets S~ and F~ ~ 

F 

For i = l ,  2, . . . ,  k - l ,  we have 

21fi*l + ds~(zd + ds~.(Xi+l) <_ ~ ds(v) + ds[(x,:) + ds[(zi+l) 
v~ Fi~ 

= number of edges fi'om F[U {xi ,xi+l} to S[  = ~ dF(v ) <_ tSZl . 

This gives 

(3) 21F~I _< Is~l- d s ~ ( x d  - d<,(z,:+l). 

Partition {1, 2, . . . ,  k -  1} into three sets I0, I1, /2 as follows: 

-TO = {i:  ds~(zi) = ds:(xi+a) -= 0} 

[1 -- {i:  dS[(zi) >_ 1, ds[(xi+l) = 0} U {i:  ds~(:r;i) -= O, ds[(2;i§ ) > 1} 

I2 = {i:  ds~(xi) >_ 1,ds~(xi+l) >_ 1}. 

By (3), 

(4) IFXl < tS,X[ for all i C I0. 
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I f i c I 1 U I 2 ,  then S~:r and since dF(s ) _<1 for all .sESi ~: and ~=4,  [SI#: l >3. tlence 

(3) gives 

(5) 

a l l ( ]  

(s) 

(7) 

IFi~:l _< IS~:I- 2 for an,i ~ h 

1t7'1 ~ ISi" l -  3 for ~,,ll i < h .  

It now follows from inequalities (d), (5), and (6) that  

k - 1  

IF~I = k - 2 + ~ IF~t 
i=l 

= k - 2 +  E 
iEl~) 

_ < ~ - 2 + ~  
iEIo 
k-] 

= k - 2 +  E 
i = 1  

Iz%~l + ~ IF~l + ~ IF~l 
"iEll iE I,2 

IS~l + Y] (Is;~;I- 2) + ~ (Isi"l- 3) 
JEll  iEl2 

Is;f=l - 21h i  - 31121. 

(s) 

Moreover since ~ = 4,  

0110 I+1[II1+2112 l =  { i : d s F ( z i  ) >_ 1} + { i : d s T ( z i + t )  > 1} 

> k - 2 + g x. 

Combining (7) with (8) gives 

(9) IF:"[ _< Is:':l-.r - ! h i -  Ih[. 

if tFXl = Is,~ I, then by (9) gX=O and I 1 = 0 = [ 2 .  From (8) we have ]~;=2 and 
hence (3) implies Sx=O. Thus (1) is established in the case dep th(z )=0 .  

Consider now the case when S z r 0. If gZ = 0, then by the argument in the 
previous paragraph Ifxl  r Isxl, and ifg x _> 1, then I I l l+lhl  >_ 1. Thns (9) establishes 
(2) in the case dep th(z )= O. 

Suppose now that 1 > 0 and that (1) and (2) have been established for all 
vertices x of S \ { w }  satisfying dF(x) > 2 and depth(x) < 1. Let x C S\{w}, elF(x) > 2 
and depth(z )=I .  (If there is no such x, (1) and (2) are established). We adopt the 
notation used in the case depth(z)  = 0. Let Z z be the set of all vertices z of S:': 

such that  dF(z ) >_ 2 and such that for all z' of S x satisl~,ing z ~ r z and dF(z ~) > 2, 

G ~ is not a subgraph of G z'. Let; Z a: = {zl ,  z2, . . . ,  Zh.}. Let aj be the :'left most" 
vertex and bj the "right most" vertex of GZ.~ on F and suppose that the elements 
of Z": are labelled so thai; aj+j does not precede bj in the counterclockwise order 
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/ 
/ /  

r; / 
Xl al x2 =bl  b2 xi 

= a 2 

X 

w w w v 

aj bj Xi+lXk-lah bh Xlc 
F 

and 

some i, j .  See F igure  5. 

For i = 1 ,  2, . . . ,  k - l ,  let 

('0 t 
\ j=l  / 

F~ = F~, \ v ( a~J ) 
\ j= l  

J/ = { j :  1 <_j < h ,V (CZ . , )nS  z C_ S.~} 

Li = {j �9 a i :  VtaZJ)  n S x = {z j}} .  

Observe that for j e l l ,  V(O:J)nF={~j,b3).  
By the  induct ion  hypothesis ,  since depth( zj ) < l, for each j �9 Ji \ Li,  

I (V(O zj) r~ F) \ {a j ,b j } ]  < I (VtG zj) n S x) \ { z j }  I - 9zj _ 1. 

We therefore  get 

(lo) ~ Iv(c=.,) n FI < ~ Iv (c  z,r n &~l - ~ gz.r + IL,:I. 
jE& jCJ, jCYi 

For i=1,  2, ..., k - l ,  let p~=d~;( .~, :)+d~(~'~+~),  q~= J { J e J ~ : ~ j = ~ j - 1 } l  and 

r i =  t{zi,:ci+l } ~ { a j , b j  : j  �9 J/}l" Observe  that r i = 0 ,  1 or 2 and that IS;~:I >_pi. 

Fig. 5. The labelling of vertices of GZ.i 

on F .  I t  may  happen  t ha t  aj+l = bj. It  may  also happen  t ha t  xi = aj or bj for 
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Since dF(s ) _< 1 for all s E ~a:, the number of edges from F to S[ is at most I~g;':l. 

There are at least 21F,~l edges from/3'i~ to S~. There are Pi edges from {xi,xi+l} 

to @. For each j E Ji there are at least 2-.q~.~ edges from {aj,bj} to vertices not 

in GZJ OF and thus at least ~jEji(2-gz.i)-2q~-r i of the edges of this sort fl'om 

F to @. It follows that 

21-P,~I + p,: + ~ (2-  gzj) _ 2q, - , ' i  < IS~l. 
jEJ, 

This implies 

(11) 1 ~x 1 ri Pi + qi. 
Iki~:l <_ ~ls,:l-I&l + ~ ~ g< + :2 - -S 

jEJi 

(12) 

Using (10) and (11) we have 

WL = L~[ t+  5~J~U (v(a~') nF) -~.~ 

= I~?l + ~ I v ( a  ~.~) n FI - ~ - ~ 

jCJz 

<_ IF,~I + ~ Iv(c  z~) ns~ l -  ~ ~ '  + IL,~]- q~- ,'i 
jEJ.i jCJ.z 

1 ~ ,  1 
< -I i'l + X]  IV(CZJ) n Sfl - ~ ~ 0 z' - IV,~ \ L,:I 

3E J,: j {J i  

= Is]'l - Is)l  + (o~, + 2) + + @ 

jC i \L i  

ri Pi 
2 2 

At the last step, in rewriting the sum, we use the fact that 9zJ =0 when .j E L.i. 
It follows from (12) that 

IF~:I <_ IS~':l for an~ c I0. 

That is, (4) holds when depth(x)=l. 
Next we show that (5) holds when depth(x)=l. 
If i E I1, then ri + Pi -> 1 and hence from (12) we have i F~c[<_[Si~]- 1. Suppose 

for some i E [1, [F~[ = [S~r- 1. From (12) it then fotlows that 

~X 
IS,:l+ ~ ( g z ' + 2 ) + , , : + p ~ < _ 2 .  

jEJ.i\L, 
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This is possible only if the stun on the left is empty;  tha t  is, Ji =Li .  We then get 

Igf:t <2. 

I f p i  > 0, then ISzl > 0 and thus P i =  [S~I = 1 and ri = 0 .  Thus F~ ~ = ~ and 

S ; Y = S ] : = { s }  for some sES'.  Su t  this implies d ( s ) < 2 ,  Thus pi=O. We must  then 

have r i = l  (since r i = 2  would imply i E h )  and Is~l _< ~. 

If I~=l = 0, then since Ji = Li, dx(v)  = 2 for all v C F~ z. Moreover we have 

S.~ = { z j :  j E L.i} and thus dF(s)  = 2 for all s C S.[. Count ing the edges between 

S~: and Fi~: gives the contradict ion 2ls~l - ~',: = 21f~l. Therelore ~c = {s} for some 
s C S .  

It  follows tha t  there is a chain from one of zi or x i+l  to s containing all of 
the vertices of S.~ UF~!': and whose interior vertices are al ternately from S [  and f'3". 
Wi thou t  loss of generality, suppose the chain starts at xi. Relabel the vertices of 
S]:, s l ,  s2, ..., s t = s ,  as shown in Figure 6. 

x 

F~ c 

Fi9. 6. T h e  case  i C [ 1  a n d  I~Cl=lS~Cl-1 

Suppose tha t  for a pair of non-consecutive integers a and b in {1, 2, . . . ,  t}, 
a<b,  SaSh is an edge of G and choose such a pair with b - a  minimal. The  condit ion 
(5=4 then ensures that, SaSa+l, S a + l S a + 2 ,  . . . ,  8b_18 b are edges of G. This implies 
tha t  Hb_a+ 1 is a proper subgraph of G, contrary to the lemma. I t  follows thai, no 
such pair a, b exists. Equivalently, if SaSb E E for some a,b E {1, 2, . . . ,  t}, a < b, 
then b = a + 1. 

Since s is not adjacent to x i+ l  and by the previous paragraph  s is adjacent to 
at most  one vertex from S[ ,  d(s) < 3. This contradict ion establishes (5) in the case 

depth(x)  = I. 
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We now show (6) holds when depth(x)= 1. If i E I2, then r i +p,: >_ 2 and thus 
(12) implies ]Fi~:[ _< Is;~'l - 1. Suppose that  for some i c I2 ,  IFI~:I = Is~"l-1. Then (12) 

implies tha t  ri +Pi = 2, S~ :r = 0 and Li =di. Thus Pi = 0 and G :r must  contain the 
subgraph shown in Figure 7. 

:1? 

x i x i + 1 

F 

As in the case when iEI1,  i f sa sbCE for some a, bG{1, 2, . . . ,  t}, a<b, lhen 
b = a + 1. The condition ~ = 4 implies tha t  XSl, sis2, xst and St-lSt  are edges of 
G. Let j be the least integer such tha t  j > 1 and xs.j C E. It is s t raight[brward to 
check tha t  if j -  0 rood 3 there is no 3-coloring of G a:. In a t t empt ing  to effect such 
a 3-coloring one nmst assign different colors to x, xi and Sl and the s tructm'e of G :~: 
is such tha t  the colors assigned to s2, sa, ..., s j - i  and their neighhors on t~ ~: are 
torced and three of the neighbors of sj have different colors. One also finds tha t  if 

j = 1 rood 3, there is no 3-coloring of G -  {:rSl} in which :r and s:~ have the same 
color, and if j= -2  rood 3, there is no 3-coloring of G-lax . i }  in which :r and xi have 
the same color. This contradiction thus establishes I~=l _< Is~'i-2 fo~. a11ic h .  The 
argument  used in this paragraph will be used, ahnost  verbatim, at a later stage of 
the proof. We refer to it as (A), so as to avoid having to repeat  it. 

_ _  3 :  Suppose tha t  for some iEI2, If~=l-ls~ 1-2. Then, by (12), 

A x 
IS,:l+ ~ (dJ+B)+,',:+pi~4. 

jGZi\Li 

Since 'ri +P,i-> 2, we must  have .Zi = Li. Otherwise, tile sum on the left, is noneml)ty 
and thus at least 3, since 9zJ #0  fbr j r It: follows tha t  
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If r i = O ,  then Pi->2 and hence IS~l -> pi >- 2- It follows tha t  tS,]:I = t ) i = 2 .  If 

Li r  then since r i = 0  at least 2 vertices from F~: have neighbors in S /  and since 

df ( s )  < 1  for all s E ~x, we must have IS~l > 2, a contradiction.  Thus L,: = ~. Bnt 

then d(s)_< 3 for every s E @ ,  another contradiction. Hence r i _> 1. 

Suppose ri = 1. Then Pi+ IS~rl _< 3 and IS/I >-Pi >- 1, so tha t  Pi = 1 and IS}~:I 

is either 1 or 2. If I @ 1 = 1 ,  then since p i = l  and .Ii=L,i, { z j : j c L i }  is the set of 

neighbors in S of the vertices in F~:. Hence ds[ ( v )= 2  for all vEF~ ~: and d r ( s ) = 2  

for all s E S [  \ S]:. Counting the edges between S [  and F~: gives the contradict ion 

- Is,: I ; 2 .  2(IS~l 1 ) - ~ i - - 2 1 F ~ l .  Therefore ^z 

x i  a : i§  1 
f 

Ft  

Fig. 8. The ~se '*CI2, IF~I=IS~=I-2 ~nd ~.,=1 

Thus G a: must contain the subgraph shown ill Figure 8. Here XlS 1 is t, he edge 

counted by ri, st and s are the vertices of @ ,  Xi+lS is the edge counted by Pi and 
Sl, s2, ..., s t -1  are the vertices in Z z. 

If  xs,  is an edge of G, then d(s) < 3. Hence st must be adjacent to at  least two 
vertices from sl ,  s2, ..., st-1. This implies tha t  G must  contain one 0f the graphs 
described in the lemma, a contradiction. Thus ri = 2. 

This gives Pi + Is~l-< 2 and since Is~l >-p~, we are left with four possibilities: 

Pi = 0 and f s~l is either 0,1 or 2, o1" Pi = 1 and I s~l = 1. 

If  Pi ~x = ISiI=O, then arguing as before we count the edges between S~ and I~) ~: 

to obtain the contradict ion 21s~:l-  ~,: = 21F~;l. ' 
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.2:  

a? i x i + ]  
F 

4(S5 

Fio. 9. The. r  iCi2, IE31=I,S'~1-2, ,,,:=2 a,,d v~=o 

Suppose Pi = 0 and tsT~:t = 2. G x must  then contain the subgraph shown in 
Figure 9. Here xis  I and Xi+lg 1 are the edges counted by ri = 2, st and gt are the 

vertices of S~.~ and sl ,  s2, . . . ,  s t - l ,  si ,  s2, ..., a~_ 1 are the vert, ices of Z ~:. The 
vertex st cannot have more than  one neighbor among Sl, s2, ..., s t -1  and it it has 
exactly one such neighbor, it nmst be st -1 .  Otherwise, G would contain one of the 
forbidden subgraphs described in the lemma. Also, since G is planar  and h =  4, st 
cannot  be adjacent to any of sl ,  s2, ..., ~ - 1 .  Thus st is adjacent to a:, s t - I  and 
q .  The condition 6 = 4  then implies tha t  xs l ,  s is2 are edges of G. It is now easy 
to see tha t  argument  (A) may be used to get a contradiction. 

Therefore we must have Pi -< 1 and [S~Yl = 1. These two cases are similar and 

so we only present the argument  for Pi = ],~'] = 1. In this case, G m must  contain 
the subgraph shown in Figure 10. Here z i s  I and x i+l s t_  1 are the edges counted 

by ri, .~i+ist is the edge counted by Pi and st, is the only vertex of ,~c The  vertex 
st must have at least two neighbors among sl ,  s2, ..., s t -  1 and one sees tha t  G 
must  contain one of the subgraphs described in the lemma. Thus (6) is established 
when depth(x)  = I. 

Continuing as in the proof  of tile case when dept.h(x)=0, it follows that, (9) is 
established when dep th (x )=l .  If I F  I = Is*I, then as in the case when d e p t h ( z ) = 0 ,  

k = 2  and S x =S:~, S~" =(3, ri = 0 = p i  and Li =,Ii. But r' i = 0  implies tha t  if L,i #~ ,  

then at least 2 vertices from Fi '  have neighbors in S~:, a contradiction. Thus Li = 

and (1) is established when dep th (x )= l .  Finishing off as in the case depth(a:)=0, 
(2) is established when dep th ( z )= l .  

The proof of the theorem may now be easily completed. For i = 1, 2, ..., m. 
let G{' be the subgraph of G induced by the vertices in the interior of or on the 
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x 

xi xi+l 

X 

Y~g, lO, The c~se i~I2,  I~= l= lS~ l -2 ,  r i = 2  and pi=l  

466 

y z 

X 

r 2 

y u 1 u 2 u 3 ' t t 3 s+]  z 

Fig. i1. The transformation of T 

boundary of the region whose boundary consists of the edges 'wwi, wwi+l and the 
part of the boundm'y of F containing the remaining neighbors of w. Define g;!v 

analogously. It is understood that Wm+l = wl. Then (1) and (2) hold for G/W. 
Thus 

IV(G/w )f f lF  I_< IV(G/W) ~ S I + l - gi 

Since 5=4,  E g ~  v > m  and hence 
i=1 

~Tt, m 7It 

m + ( m - 1 ) ] F I  = E IV(G/W) N F I <_ m +  E IV(G/W) n S I - E g w  <_ ( m - 1 ) l S l + l .  
i=1 i=1 i=1 

This gives IFI <_ ISI -  1 and Theorem 1 is proved. | 
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Proof of Theorem 2. Let G E ~ be a graph of order tt and suppose that  G has a 
triangular face T. There are such graphs in N for any h_> 81 (see [2] or [7]). Let  
T have vertices x, y, z. Delete the edges xy ,  a:z, y z  and add new vertices vl, v2: 
�9 .., V3s+2, 'Ul~ 1t2~ -.., ~ta.s+l and new edges :cvl, ;cv3s+2, y v , ,  yu l ,  zvas+2 , zu3.s+t: 
v iv i+l ,  vi*~i, uivi+l,  i = 1, 2, . . . ,  3s + 1, ~iui+ l, i = 1, 2, . . . ,  3s. See Figure 11. 

Denote the resulting graph by Gs. It is straightforward to check that  Gs E N 
for all s >  1. Gs has order r z = h + 6 s + 3  and the largest face of G.s has size at least 

r~ h -  3 
3 s + 3 -  It 

2 2 
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