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We prove that the size of the largest face of a 4-critical planar graph with § >4 is at most
one half the number of its vertices. Let f(n) denote the maximum of the sizes of largest faces of
all such graphs with n vertices (n sufficiently large). We present an infinite family of graphs that

n
shows lim m:
n—oc N

B =

A graph G is said to be k-critical if it has chromatic number &, but every proper
subgraph of G has a (k—1)-coloring. In 1985, G. Koester [5] gave an example of
a 4-critical 4-regular planar graph. It is the graph shown in Figure 1. This graph
provided a counterexample to the old conjecture of Gallai [3] that every 4-critical
planar graph has a vertex of degree 3. Koester’s discovery sparked interest in the
class & of 4-critical planar graphs with minimal degree § >4. Tt is now known that
there exist arbitrarily large 4-critical 4-regular planar graphs and that there exist
graphs of order n in & for all sufficiently large n. See [2], [6], and [7]. It has also
been shown by Koester [7] that every graph in & has a vertex of degree 4. For a
different proof of this result see [1].

The aim of this paper is to investigate certain questions concerning the size
of the largest face of graphs in ¥. The odd wheel shows that there exist 4-critical
planar graphs whose largest face contains all but one of the vertices. For G € ¥,
however, the situation changes. Our main result is the following.

Theorem 1. Let G=(V,E)€¥%. Then no face of G has more than %IV[ vertices.
We shall also prove that Theorem 1 is, in a sense, best possible.

Theorem 2. There exist absolute constants ¢; and cy such that for all n>¢; there
exists a graph G in % of order n whose largest face has size at least %n —co.

In the proof of Theorem 1 we shail need the following simple lemma.

* All three authors gratefully acknowledge the support of the National Science and Engineering
Research Council of Canada.
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Fig. 1. Koester’s graph

Lemma 3. For n>3, the graph H, shown in Figure 2 is not a proper subgraph of
any 4-critical graph.
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Fig. 2. The graph Hy,

Proof. Suppose H, is a proper subgraph of a 4-critical graph G for some n > 3.
Then n#1 mod 3 since, as it is easy to check, Hy, is itself 4-critical if n=1 mod 3.
In any 3-coloring of G- {z1zn}, 1 and z, are assigned the same color.

Such a 3-coloring induces a 3-coloring of Hy —{z1z,}. However, it is straight-
forward to verify that in any 3-coloring of Hp,—{x1zy}, 1 and z, must be assigned
different colors when n=0, 2 mod 3. [ ]

Proof of Theorem 1. Consider a plane drawing of G in which the infinite face is a
largest face. We denote the infinite face and its set of vertices by F. There should
be no danger of confusion. Let S=V\ F. For each v€V and X CV, let dx(v)
denote the number of edges from v to X.

Suppose that dg(v) <1 for some vertex v of F'. Then, since 6 =4, there is a
vertex u of F such that uv € E, but uwv is not an edge of F'. There are then two proper
subgraphs Gy and Gy of G such that V(G1)NV(Ga) ={w,v}, E(G1)NE(G2)={uv}
and G1UG2 =G. There is a 3-coloring of (] in which w is colored red and v is
colored blue and a 3-coloring of G5 with the same property. This yields a 3-coloring
of G. If follows that dg(v)>2 for all vertices v of F.
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If for all vertices v of S we have dp(v) <2 then

AF <Y dg(v) =Y dp(v) < 28]

vEF vES

so that |FI<|S| and the theorem holds. We may therefore suppose that dp(v) <2
does not hold for all v€ 5.

Let we S be a fixed vertex satislying dp(w)=m>3 and let the neighbors of w
on F be wy, wy. ..., wm, listed in some counterclockwise order (the choice of which
vertex to label wy is arbitrary).

Cousider any z € S, x # w, such that dp(x) =k > 2. The neighbors of & on
I lie between w; and wyyq for some 7€ {1,2,...,m} (here w,, 11 =w;). Label the
neighbors of @ on F' &1, wo, ..., x in the counterclockwise order that has x; as the
first vertex encountered after w; when traversing along I in the counterclockwise
direction. It may happen that z; =w, or xp=w;,1.

Let G* denote the subgraph of G induced by the set of vertices in the interior
of or on the boundary of the region whose boundary consists of the edges x| and
xxp and the part of the boundary of I joining 21 to 2y in the counterclockwise
sense. Let F¥=(V(G")NF)\{z1,2.} and let ST=V(G*)\ (F*U{2,z1,0.}). See

Figure 3.

F2g. 3. The subgraph G*

We define the depth of z as follows: depth(x)=0 if there is no vertex z of "
such that dp(z) > 2 and for [ > 0, depth(xz) =1+ 1 where | = max{depth(z):z €
5%, dp(z)>2}. Note that if dp(x) <2, then depth(z) is left undefined.

Define

0 ifdgz(z1) =0 and dg=(x}) = 0,
g =<1 ifdg:(xr1) >1ordg(z;) > 1, but not both,
2 ifdg:(r1) > 1 and dg«(x}) > 1.
The bulk of the remainder of the argument involves establishing

n [F*| = |S*] implies F*¥ = = S5



458 H. L. ABBOTT, D. R. HARE, B. ZHOU

F* < |8~ ¢¥ — 1 whenever S* # ().

We prove (1) and (2) by induction on depth(zx). Let depth(z) =0. By definition,
dp(z)<1for all z€S*. Tori=1, 2, ..., k~1, let S be the set of those vertices of
S% lying in the interior of the region whose boundary consists of the edges zx; and
xx;41 and the part of the boundary of F' joining x; to z;4 in the counterclockwise
sense. Let F¥ consist of those vertices of I'® between x; and z;4, not including
x; and x;4+1. See Figure 4.

(e o\

z; k Y J Zit1

Fig. 4. The sets S;L and FZ:T

Fori=1,2, ..., k—1, we have
2| FF| + dgs (@) + dgr (wig1) < Y dg(v) + dge (@) + dgz (wi41)
veF?
= number of edges from I* U {x;,x;11} to S¥ = Z dp(v) < |ST].
veS?
This gives
(3) 2R < |SF| ~ dsz(xi) — dss (wig).
Partition {1,2,..., k—1} into three sets Iy, I1, I3 as follows:
Ip={i: de (z;) = dS"f (zi41) =0}
I = {itdgr () 2 1,dgz (wig1) = 0} U{i - dgz (n3) = 0, dgs (wiy1) = 1}
Iy = {i:dgz(2;) 2 1,dgz (ziv1) 2 1}
By (3),
(4) IF < |S¥| for all ¢ € Iy.
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Ifi€1Uly, then ST #0 and since dp(s) <1 for all s€ ST and =4, |S¥|>3. Ience

(3) gives

(5) |FF| < |S¥] =2 for all i € I
and
(6) [P < |SF| =3 foralli € Is.

It now follows from inequalities {4), (5), and (6) that

k-1

P =k-2+Y
i=1
=k-2+) |+

z
Fi

i€ly €l 1€1o
Sk=2+ > [SF[+ Y (ISFI-2)+ > (IS¥] - 3)
i€ly i€l i€y
k1
(7) = k=24 > |SF| =211 - 3|1y).
i—1

Moreover since 6 =4,

Ollo| + 11| + 2[Iy| =

{i : de(fEi) > 1}‘ -+

(8) >k—24g"

{i:dgs(ziq1) 2 1}

Combining (7) with (8) gives
(9) FP < ST = 9" = 1| = L],

If |[F*|=1{S%], then by (9) ¢* =0 and I =0 =1I5. From (8) we have k=2 and
hence (3) implies S*=0. Thus (1) is established in the case depth(z)=0.

Consider now the case when S*#@. If g* =0, then by the argument in the
previous paragraph |F¥|#|S*|, and if g® > 1, then |I} |+|I2] > 1. Thus (9) establishes
(2) in the case depth(z)=0.

Suppose now that [ > 0 and that (1) and (2) have been established for all
vertices x of S\{w} satisfying dp(z)>2 and depth(z)<l. Let 2€ S\{w}, dp(x)>2
and depth(xz)=1. (If there is no such z, (1) and (2) are established). We adopt the
notation used in the case depth(z)=0. Let Z% be the set of all vertices z of S*

such that dp(z) >2 and such that for all =’ of S satis{ying 2z’ # z and dp(z") > 2.

(G* is not a subgraph of G¥. Let 2% = 121, 22, ..., z3,}. Let a; be the “left most”
vertex and b; the “right most™ vertex of G% on F' and suppose that the elements
of Z* are labelled so that a;;; does not precede b; in the counterclockwise order
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b, Tit1Tp_1a by, =

Fig. 5. The labelling of vertices of G*J

on F. It may happen that a;;q =b;. It may also happen that z; = a; or b; for
some i, j. See Figure 5.

Fori=1,2, ..., k—1, let

SF U V(G¥)
j=1

N h

Fr=rr\ | [ Vie™)
j=1

and
L= {] € J;: V(sz) ns* = {2]}}
Observe that for j€L;, V{(G%)NF={a;,b;}.
By the induction hypothesis, since depth(z;) <l, for each j€ J;\ L;,
|(V(GZ) N F)\ {a;, b} < [(VIGF) N SE)\ {z;}] — g% — 1.

We therefore get

(10) S WVGF)NFI< Y IV(GF) NS = Y g% +|Lil.

jed; = jeJ;

Fori=1,2,..., k-1, let pi:d§¢(mi)+d§;(a;i+1), inl{jEJi:ajz j—l}‘ and

7"i=l{xi,&:i+1}ﬂ{aj,bj:jEJi}‘. Observe that r;=0, 1 or 2 and that lgflzpz
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Since dp(s) <1 f01 all se S" , the number of edges from £ to §7‘L is at most Igfl

There are

“* to 5F. There are p; edges from {x;,041}

to §f For each j € J; there are at least 2— g% edges from {a;,b;} to vertices not
in G5 UF and thus at least )¢ ; (2—9%)—2g; —r; of the edges of this sort from

F to §1“ It follows that

2AFf | +pi+ D (2— %) - 240 = 73 < |5,

jet;
This implies
(1) R RN AR D SRR
il =5l 1 7 . g 5 qi-
JEJ;
Using (10) and (11) we have
= FH+ U vieE)nF)| -
J€Ji
=|F 1+ Y WG nF —g -
jEJ;
<EPI+ ) IV(GT)n st - Z 97 + L] =g~y
< Z|§% Ty _ _ ])_7
D M COLEA RS SRV AYA 5
J€d; jeJ
S B B .
(12) =[SH =5 I8F 1+ D (g +2)+ri+p

JEJA\L;

At the last step, in rewriting the sum, we use the fact that g% =0 when j€ L,.
It follows from (12) that

¥ < |S¥] for all i € Io.

That is, (4) holds when depth(xz)=I.

Next we show that (5) holds when depth(z)=I.

If €1y, then r;+p; >1 and hence from (12) we have [F*| <|ST|—1. Suppose
for some i€ 1y, |F*|=|S’|—1. From (12) it then follows that

ISF 4 Y (9 +2) it p <2
JEINE,
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This is possible only if the sum on the left is empty; that is, J; = L;. We then get
S|+ 1+ ps < 2.

If p; > 0, then {gfl > 0 and thus p; = |§f| =1 and r; =0. Thus /7* =0 and
ST zgf’ ={s} for some s€S. But this implies d(s) <2. Thus p; =0. We must then
have r;=1 (since r; =2 would imply i€ I) and |§f| <1.

If |§f\ =0, then since J; = L;, dg(v) =2 for all v € F*. Moreover we have
ST ={z;:j € L} and thus dp(s) =2 for all s € S¥. Counting the edges between
ST and F gives the contradiction 2|ST|—r; =2|F¥|. Therefore §f ={s} for some
scS.

It follows that there is a chain from one of z; or ;4] to s containing all of
the vertices of S¥UF; and whose interior vertices are alternately from S and F.

Without loss of genefality, suppose the chain starts at x;. Relabel the vertices of
S¥, 51, 82, ..., 5t=35, as shown in Figure 6.

S’(il?
51 89 .SD
7 A2
( 0
N N _J y
T; Ti+1

F

1
Fig. 6. The case 4€ 1y and |F¥|=|S¥| -1

Suppose that for a pair of non-consecutive integers a and b in {1, 2, ..., t},
a<b, 545, is an edge of G and choose such a pair with b—« minimal. The condition
6=4 then ensures that sq8gq+41, Sa+15¢+2; -+ Sp—15p are edges of G. This implies
that Hy_ o1 is a proper subgraph of G, contrary to the lemma. It follows that no
such pair a, b exists. Equivalently, if sqs;, € E for some e,b€ {1, 2, ..., t}, a <bh,
then b=a+1.

Since s is not adjacent to x;41 and by the previous paragraph s is adjacent to
at most one vertex from S, d(s) <3. This contradiction establishes (5) in the case

depth(z)=1.
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We now show (6) holds when depth(z)=1. If i € I3, then r; +p; > 2 and thus
(12) implies |F¥|<|SF|—1. Suppose that for some 1€ Iy, |F*|=[S¥|~1. Then (12)

implies that r; +p; =2, 51’“ =@ and L;=J;. Thus p; =0 and G¥ must contain the
subgraph shown in Figure 7.

81 59 Sy

Xy (1‘,[:_*_1
F

Fig. 7. The case i€ I and [F¥|=]5F]~1

As in the case when i € Iy, if 545, € E for some a, be{1,2,...,t}, a<b, then
b=a+1. The condition é =4 implies that xs1, 5159, zs; and s;_15; are edges of
G. Let j be the least integer such that j>1 and zs; € E. It is straightforward to
check that if j =0 mod 3 there is no 3-coloring of G*. In attempting to effect such
a 3-coloring one must assign different colors to z, z; and s; and the structure of G*
is such that the colors assigned to sg, s3, ..., s;_; and their neighbors on F* arc
forced and three of the neighbors of s; have different colors. One also finds that if
J=1mod 3, there is no 3-coloring of G ~{xs;} in which = and sy have the saune
color, and if j=2 mod 3, there is no 3-coloring of G—{za;} in which x and =; have
the same color. This contradiction thus establishes [F¥| <|S7|—2 for all i € [5. The
argument used in this paragraph will be used, almost verbatim, at a later stage of
the proof. We refer to it as (A), so as to avoid having to repeat it.

F=|5F|=2. Then, by (12),

Suppose that for some i€ [y,

155+ 3 (g 4+ 2) 44 <4
FEJNL;

Since 7;-+p; > 2, we must have J;=IL;. Otherwise, the sum on the left is nonempty
and thus at least 3, since g%/ #£0 for j& L,. 1t follows that

|SE| 4 v+ pi < 4.
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If r; =0, then p; > 2 and hence t§f| > p; > 2. It follows that |§f| =p;, =2 If
L; #0, then since r; =0 at least 2 vertices from F{ have neighbors in §;l and since
dp(s)<1forall s€ §f, we must have |§1’:| > 2, a contradiction. Thus L; =0. But
then d(s) <3 for every s€ §f, another contradiction. Hence 7; > 1.

Suppose 7; =1. Then p; + |§ZTI <3 and ]gf\ >p; > 1, so that p; =1 and |§H
is either 1 or 2. If |§f| =1, then since p; =1 and J; = L;, {z;:j € L;} is the set of
neighbors in S of the vertices in F*. Hence dg;r(’u) =2 for all v€ I'* and dp(s)=2
for all s€ Sf\gf Counting the edges between S and [F* gives the contradiction

2(|S%| = 1) —r; =2|F¥|. Therefore |S¥|=2.

Fig. 8 The case ¢€ Iy, |[F¥|=|57| -2 and r;=1

Thus G* must contain the subgraph shown in Figure 8. Here ;53 is the edge

counted by r;, st and s are the vertices of ST, x;;1s is the edge counted by p; and
51, 89, ..., S¢_1 are the vertices in Z7.

If 2s; is an edge of G, then d{s) <3. Hence s; must be adjacent to at least two
vertices from s1, $g, ..., st—1. This implies that G must contain one of the graphs
described in the lemma, a contradiction. Thus r; =2.

This gives p; -+ |§f| < 2 and since {§f| >p;, we are left with four possibilities:
p; =0 and }S\Z"’:] is either 0,1 or 2, or p;=1 and |§f|=1
Iftp;= [./S'\fl =0, then arguing as before we count the edges between S and F}'

to obtain the contradiction 2|S¥|—r; =2|FF|.
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i it

Fig. 9. The case i€ I, |[F¥|={SF|~2, r;=2 and p;=0

Suppose p; =0 and {gf{ =2. " must then contain the subgraph shown in
Figure 9. Here z;5| and z;4 (31 are the edges counted by r; =2, s; and 57 are the

vertices of .,S\IL and sy, $9, ..., 841, 81, 52, ..., 571 arc the vertices of Z%. The
vertex s¢ cannot have more than one neighbor among sy, s, ..., s;—1 and il it has
exactly one such neighbor, it must be s;_;. Otherwise, G would contain one of the
forbidden subgraphs described in the lemma. Also, since G is planar and §=4, s;
cannot be adjacent to any of 31, 59, ..., 5;_;. Thus s; is adjacent to z, s;_; and
5;. The condition 6 =4 then implies that xs7, 5152 are edges of G. It is now easy
to see that argument (A) may be used to get a contradiction.

Therefore we must have p; <1 and |S’|=1. These two cases are similar and

so we only present the argument for p; = |§f] =1. In this case, G* must contain
the subgraph shown in Figure 10. Here z;s1 and z;4s;—| are the edges counted

by 7;, T;y15¢ is the edge counted by p; and s; is the only vertex of /Si‘ The vertex
s¢ must have at least two neighbors among s;, $2, ..., s;_| and one sees that G
must contain one of the subgraphs described in the lemma. Thus (6) is established
when depth(z)=1.

Continuing as in the proof of the case when depth{x)=0, it follows that (9) is
established when depth(z)=/. If [F"|=|5%], then as in the case when depth(x)=0,
k=2 and ST =57, §f =0, 7,=0=p; and L; =J;. But 7; =0 implies that if L; #,
then at least 2 vertices from ' have neighbors in gf", a contradiction. Thus L; =)
and (1) is established when depth(x)=1. Finishing off as in the case depth(z) =0,
(2) is established when depth{z)=1.

The proof of the theorem may now be easily completed. For i=1, 2, ..., m
let G} be the subgraph of G induced by the vertices in the interior of or on the
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T

xT; Ti41

Fig. 10. The case i€ Iy, [F¥|=[57]~2, ;=2 and p; =1

xr T

Fig. 11. The transformation of T

boundary of the region whose boundary consists of the edges ww;, ww;1 and the

part of the boundary of F’ containing the remaining neighbors of w. Define g

analogously. It is understood that wp,11 =w;. Then (1) and (2) hold for G}°.
Thus
V(GP)NF| < V(GE)N S| +1—g"

)

m
Since 6 =4, Zgw >m and hence
=1

mA+(m—1D|F| =D |V(GE)NFl <m+> [V(GF)NS|-Y g < (mn—1)[S]+1.
=1 i=1 i=1

This gives |F|<|S|—1 and Theorem 1 is proved. ]
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Proof of Thearem 2. Let G €% he a graph of order 1 and suppose that G has a
triangular face 7. There are such graphs in 9 for any h > 81 (see [2] or [7]). Let
T have vertices a, y, z. Delete the edges zy, xz, yz and add new vertices vy, vy.
oy U342, U1, U2, -.., Usst] and new edges rvi, TUZs 2, YU, YU, 2U3e2, SU3s41,
ViU, Villy, UiViq1, 0=1, 2, ..., 3s+1, wjusqy. t=1, 2, ..., 35. See Figure 11.
Denote the resulting graph by G,. It is straightforward to check that Gy €%
for all s>1. G has order n=»+06s+3 and the largest face of G has size at least
n  h-—3
35+ 3= E - 5 I

Acknowledgement. The authors wish to thank the referee for giving the original
manuscript a very careful reading and for pointing out a number of obscurities.
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